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Objectives

? To develop monolithic and staggered ap-

proaches for coupled electromechanical sys-

tems

? To utilise high order accurate finite elements

? To develop mesh deformation techniques for

accurate represenatation of CAD boundary for

curvilinear FEM

? To implement massively thread, data and in-

struction level parallel algorithms for heteroge-

neous architectures

? To facilitate automatic finite element computa-

tions through a domain-aware tensor contrac-

tion framework Framework
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Robust Curvilinear Mesh Generation

? A multi-level approach to curvilinear

mesh generation
? A set of fundamental mesh quality mea-

sures are introduced

? Capable of producing isotropic, anisotropic

and boundary layer meshes

dx = F dX → Edge distortion

da = HdA → Surface distortion

dv = JdV → Volume distortion

? A suite of solid mechanics analogies

ILE Isotropic
ILE TI
CIL neo − Hookean

CIL Mooney − Rivlin
CIL NI − MR
CIL TI
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? Various node distribution schemes

•••
1

Projection schemes .

Isoparametric Arc Length Orthogonal

•••
1

Surface intersections . •••
1

Volume meshing .

PostMesh

(Open Source
)
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& Python APIs
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Staggered Appoach for Small Deformation Electromechanics

•••
1

Stretching of a piezoelectric plate .
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•••
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Curved meshes used for hp-convergence .
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Strategy for finding the maximum segment (h) .

1

•••
1

Efficiency compared to monolithic approach .

Deformation R. Error R. Speed-up N of Increments

Small (< 1%) 1e − 06 12.673 2
Medium (> 30%) 0.0005 4.548 18
Large (> 70%) 0.100 0.8137 204
Giant (> 200%) 0.500 0.0452 1273

? The solution strategy involves iteratively solving

the electrostatic equations

? This is followed by solving a consistent incremen-

tally linearised elasticity problem
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xn = φn(X)

xn+1 = φn(X) + u

xn+1 = φn+1(X)

xn0 ; ϕ
n
k

xn0 ; ϕ
n
k+1

Freeze Geometry

? Optimal convergence with h and p refinement
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Monolithic Coupling for Large Deformation Electromechanics

? The set of governing equations

DIVP + f0 = ρ
∂2φ

∂t2
in V × [0, t]

PN = t0 on ∂tV × [0, t]

φ = φ̄ on ∂uV × [0, t]

φ = φ0 on V̄ × 0

φ̇ = φ̇0 on V̄ × 0

DIVD0 − ρe0 = 0 in V × [0, t]

D0 ·N = −ωe0 on ∂ωV × [0, t]

ψ = ψ̄ on ∂ψV × [0, t]

1

? Legendre transform, material calibration

x1, X1

x3, X3

x2, X2

dA

da =HdA

dX

dx = F dX

dV0

dV = JdV0

x = φ(X, t)

2. Gauss point level

1. Element level

Newton-Raphson
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Compression of an electroactive patch (Quads) .

p = 1 p = 2 p = 3 p = 4 p = 5

1•••
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Bending of a dielectric elastomer (Tris) .

p = 1 p = 2 p = 3 p = 4 p = 5

1•••
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Torsion of a dielectric cylinder (Hexes) .

p = 1 p = 2 p = 4

1•••
1

Expansion of an electrostrictive hand (Tets) .
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Florence

(Open Source
)

1

Python

1

FEAPB

(Open Source
)

1

C++11, GUI

1

A Domain-Aware High Performance FEM Compiler

? A SIMD based data parallel and thread par-

allel tensor contraction compiler is developed for

variational forms

? The framework is capable of graph search opti-

misation for restrustring FE expressions
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[A]ijkl = Tensor<double,3,4,6,5> [B]mjkl = Tensor<double,4,4,6,5> [C]im = Tensor<double,3,4>

Contracting dimensions

Loop span for fastest changing index = 4 ⇒ 4× sizeof(double) = 32B, (AVX broadcast-vectorisable)
→ Unroll the Cartesian product by 4, perform AVX vectorisation
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Vectorisation Operator Chaining

[G]jkl = [A]ijk[B]il + ρtr(I)[c]k[D]jl +
√

[E]jkl

Evaluate singleton Evaluate singleton

[G]jkl = [T 0]jkl + ρtr(I)[T 1]jkl +
√
[E]jkl

Fuse loopsSmart Expression + Hoist

Generate CP & indices: idx T0, idx T1, idx E, idx G

using V = SIMDVector<T,ABI>;

V vec r(3.*rho), vec G;

for (auto i=0; i<CP::Span; i+=V::Stride) {
vec G = V(T0+idx T0)+vec r*V(T1+idx T1)+V(E+idx E).sqrt();

vec G.store(G+idx G);

}

•••
1

Compilation time graph optimisation (sec) .

•••
1

Runtime of automated variational form (sec) .

•••
1

Binary Size (KB) .

•••
1

Speed-up over various implementation .

p Explicit SIMD Auto Vectoriser Classic ×
p = 3 1.183 3.321 6.277
p = 5 1.604 6.114 8.313

Future Outlook

On-going work:

? Inclusion of vacuum effects through boundary element coupling

? Studying parallel scalability in more detail

? Re-structuring anisotropic and boundary layer mesh generation process for efficiency

Future work:

? Extending the framework to include immersed techniques for FSI

? Further analysis of flexoelectricity and size-dependent phenomena

? Extending the platform to direct hex dominant mesh generation
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Software Subpacakges:

1. PostMesh: A posteriori curvilinear mesh generator https://github.com/romeric/PostMesh
2. Fastor: A SIMD optimised data parallel tensor contraction framework https://github.com/romeric/Fastor
3. FEAPB: A hp finite element framework for piezoelectric beams https://github.com/romeric/FEAPB
4. Florence: A comprehensive framework for coupled multi-physics problems https://github.com/romeric/florence
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